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Ab·stract/Introduction 
I 
---~--.· ------· ·--'---· 
The purpose of this paper is to be-gin a study_ of topo- · 
.,_. 
.~~ -----· -------- ---------------· -· ··--------------· -- - . . - - -- --- - ·- - - -------- -------- -
logical vector spaces (tgv~s) without the assumption of loc~l 
convexity (loc~)~ · It was and is hoped to study certain 
. -
-~results known for ·1.Q C~ to Vo Su and find parallel results for 
the general caseo· 
' 
.-In order to accomplish this, a better '4nderstanding of 
j:i 
non~lOcQtoVoSc might be desirable~ To this end, the first 
chapter of ·this ·paper reproduces (witb the addition of many _ - ----
proofs and examples) some of the definitions and results of 
--·--·--------·---· . ' ' 
-------···--------------·' ·Victar_ Klee's '~Exotic T<>polsgies for Linear Spaces'' (2)_o - ".A '· t -
Except as noted, the results of the first chapter may be 
found in 4 that paper~ The various types 'of non-loco vector 
.,.:. 
topologie_s .prove qui~e useful in considering arbitrary tov,s. 
and also provide a substantial supply of counterexamples • 
• 
It is quite plausible, at least to the author, that they 
/ 
will be of more.fundamental importance in the future .. 
I' 
The second chapter of this paper presents_ a few examples 
,. 
in which the above goal has been realized. We also include 
\ 
cases in ~hich th~ supposed parallel results have not been 
,, 
y 
. !""" "1' .• 
·..,. - . . •-
found. The resu~ts in· Chapter._ 2 of -Albert Wilansky' s :roRics ~--·--- ... __ _ 
.; 
in Functional_Au.e...lYsis (3) were studied. These results 
concern the unrestricted and restricted i·n ductive topologies 
..... \ 
-
" 
. ' 
I • 
_.-_ ------ ·-~- - - ii,"• I 
. - ------------- ------ - ----------·---
1--Ce~-. --------------- ~-:____ - ·--- ------, - _, -.~ -
. ~ >··=- I 
I . . 
. : ... - _·; . ' - . ' ' 
~-~!..~:·:· i" ~~-~:':;·-·-· a•• " - ·- ·-, ••~•., • • --•••••·•-,·~-.. :··--·.;------:• ·- . .;. ·. - -- -· .. _ ~ - --· --- -- ··------ -
.r' ' -~ 
,·_.:__ --'-- --.- .,--· - --
.. 
. ! 2 
( ----· ---~- -- - ~---.-' . --- -- - - ~ ·- - --- _;;, __ - . ' - --·~ . - - :.. -- -- -- ----·--. -- - --. -
. ----·--.. . ... ======= 
L 
.'·:-· . 
l:!c:'i<'-·------.---,..--------. - . --
r - . (Tu, Tp respectively). ~· ·-----·' ----- ' ------··- ---::.---. ----· ' It -was ·found that~- some of· the results 
- ., ------: -~-0- .. _. ---------·--·-······------
-.... ... 
' . . 
spaces. More to the point, many of- the results for · · T. 
,. " 1. 
-.. ----~---· . ..-e...w~e~re -without_pa_ralleLin _ihe case _0£ __ 'Iu - and -some----Of- the-s-e----~~~---.,.....· -----~~~ 
' . 
parallels wete obtained .. 
n 
---~-----~ -- - -The author makes no claim of originaility with the 
exception of the ,following: Examples 6, 7, 8; Propositions 12, ~ ' 
14, 15~, 16, 17; -Theorem '3; Corollary ·1. 
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·Chapter 1: Exotic Vector Topologies 
---- - -----··-
--
-·--------------·-----~~~~~~-~I~n -o-r-de ~~t-o gain a better understanding of non-locally 
"' convex topol~gical vector spaces, this chapter reproduces 
.. 
----------~·---·--- -
. •: 
!.'C----~--------~----------·-~-- - - -
t. -· -
~~ - .. 
\'. 
:- . 
-,~ ' 
t 
-
" 
. -- -·---· --- (with the .. addition of certain .. proofs and examples) some of_ 
.. 
the·definitions and restilts of Vic~or Kleevs '~xotic Top~logies . '. . 
. 
for Linear Spaces u (2) g - Except as noted, the· results. of this 
chapter may be found in that papero 
We shal.1 be conc.erned with seve·n types of t" v o s g The 
first. four of these are r.elat Lvely we Ll~behaved in the sense 
that ·they are either local.ly c:onvex o~ very close to. being soo 
., ... :. 
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I 
' 
-··-' .• - -· -~ ---··--e·- •·•-• ••••••i ---- -~----- --·-··· - --- -... -- ··- -··-· 
· ,The last three might be considered pathological. They are in 
some sense the opposites of the first t~ree classes, as we 
shall see. We first define the notion of a,semiconvex set 
and then present the seven classificationso 
l 
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I ' 
Definition lo Let L be a vector space and SC L. Then 
' 
' 
' ! 
1 S is semiconvex iff S is starshaped from ·O ([O,l]aS CS) 
and there exists ~ > 0 such that ~(S + S) C So 
•"'lll':lr'i~·,.-. , .•. ' ") , .•. ' ::_.:- ' . . 
'1. 
;. . 
'.,_ ... 
I , 
. 
ts···· - --- --~ - ------ ---~ - ·-·--- -- - --- -
Weak (w) i'ff for.all U 
€NT(= the T•nE!ighborhood 0 .. 
... 
system of O) there exists LC U such that L is. 
- . --- -----'---- -- -~- -··- ,.._ .. - .. ·.--- - - . 
a vector su~space of finite codim!nsionQ 
.. 
.... _..._ .. 
... 
·. ·.,j· 
- . 
l 
. - -- - ·- - --- • ~- •. ·---- -- --- -~--
.·:- .. 
:,_. 
·: \.·" 
I 
, .. 
[" 
__ L 
-- - - -
' 
" -
- ' 
'1 ,. 
(l 
.' "' .· ' I 
; ,'I 
-- - - ' _____ /_ --
-- ' 
locally c-on_v___c..,_e_x~(l~ ~)- i£ff~; all U E N~ there 
-- ·-·-·--··-·~·~----------- - ----
e~-~s-~-~-_\7~~~ such that V C u~and~ V 
-~-----=--
• is convex. 
2. locally semiconvex (1. s.) if£ for all U E N~ there 
(. 
. , . - I \ -
-~----~- ___ ex1..§.~s __ ·_V __ E __ N0 ____ s_u_ch___that-~-ll~C---U- .a-nd-----~--i-e:~st,emi:-- - -
convexo 
. -·-· - - - ·-·- - --, ------- --- ·- --...--~-
-4. nearly locally convex (n.l.c.) -iff for ~11 -
-\_ 
- JnTT 
x ~ E-lOJ · there exists f ~ (E,T)' such that 
f (x) f-6-;--~ .... •. 
-~ -· 'V; ~-
. ·'
exotic (e. )· iff there does not exist 
(E, T)' = {o}·, 
-; NT U E , 
0 
. .5iu-' nearly exotic (n. e-~). iff 
s c·u such that U ~ UT t E , and ... S :is .convex and 
radial. 
- . ---· -
7. strongly exotic (s. -e. ) iff 
• 
there does not exist 
u NT s C u such that u = UT ~"E- and s • E 
' 
1S 0 
semiconvex and ~adial. , I 
--Any vector space with·the indiscret topology is an 
.example of~ all seven types of t.v.s. defined above. We, 
.... 
-------· --
shg11 give more interesting examples as we continue. 
As a matter of notation, let 
n.e., e., s.e. }· Also, for all 
of a 11 .i. t. v. s. 
,1 
I ::; {w, 1. c . , 1. s , n . 1. c . ; 
i EI, let r1 · be· the class ,. 
We first ~ish to establish the interrelations between the 
above calsses. 
-, 
, 
We shall see that 
• 
·• 
:,,-: 
,· 
, .... 
rw C r1 C· r1 ,- 8_ n f_ l .c. . . n .. c. 
,: 
._ r , 
.. . r· 
l' 
4. • •. 
\;; 
. . 
' ' 
~--
- - -
--~- - --
~ ' 
... 
-~ ~~ - -- ----~-- -~--~~---~. ~ 
- -
----~-- ------
- -------- -- . --· . 
'. 
- ~ -
. 
. , .. 
' !. 
__,.__ -
' " 
-~.~--C.----,--~-~~----:--~ 
'irid r -Cr Cr -· as .mig-ht be.expected. - We shall. s o e . e o 
_ n-. e ~ ' 
.. " 
5 
_, _ . ----~ --~ ___ ther1 _ g_ty~ ____ e~a.ll)pl._e_s __ ~_Qc_ __ show that· each_ of these: conta-inments- ;: -
---- -- --·· - --
• 
___________________ +-is proper o 
-· 11,.~,.. 
We begin by. showing that the c·lass of weak· t.y. s. · is 
well named, io e·o that each such topology is -indee~ the weak 
topology generated by its class of continuous linear 
fun-ctionalso More precisely: 
Proposition lo - Let (E,-T) -be -a t-o-vo-s. ---Then 
. T iff for a~l U E N0 
n -1 . that n. .f. [D(O, 1)] i=l ' l. 
there· exists 
·-( E, T) E rw 
such 
- -- - - - - --- -
...... - -~ - - - . - .. - -- -- - -
P;_o_'?_f ____ (in_ --~WO __ pa.i;:_~§_) __ ;_ --- ,. --- --
lo Let (E, T) 'E rwg 
~~ ·. 
' .. 
.f T Let u 
€
 No; 
,-
- -Then there exists such that V + v_ C U .. 
By hypothesis., there exists F CV such that f •• 1.S a 
vector space of finite codimension in E. 
Let ¢: -E ~ E/F denote the natural. projection and -q. --·-- - - -- ---- - -
denote the quotient topology for E/F by ((E,T),p). 
---~----
-.: 
\ , 
------~- -- ---- -
-----------
__ ..;.:. 
.,,, 
} : . 
·.'/ 
y' 
. 
-
.S·ince F is closed, (E/F, q) is separatedo : - - -- . - • C •• __ ;__ __ - -•" - t"• - .. • ~-·-·· • 
... 
.... -- .. -------
-
- -~~~J 
. - -----~. 
. - .. 
Since F has finite codimension, F has finite codomen-
sion and hence E/F is finite dimensional. 
. ( 
.. 
.. 
' 
. . I' 
"" \ \' \ 
"'\ .. ·-
- I -- -
. ' 
---
-~ 
. 
. ------------ '-·-.---~;-------- - - - - - - - -- - -~ - - -
' l 
.• 
. / 
- . . . . 
. . . 
·6 
1-,..-_:_ 
_
 ~---::---------,_-·-·--_--_--- ·--_---~-~·-
- ' - --- ~- --c-- -- -;-, . - •. ·•··· . . .. . . - - -- -= .. - '• ---21r-:_ 
Th·erefore (E/F, ·q) · is linearly homeomorphic ~ith · l\gi; · 
---
~ 
. 
. for some integer .. m. - (We use. K to denote the scalarso) 
-·--·-- -- - - -------
' 
that 
, ~ 
, .. 
Siilce V 
€
 N~, ¢[VJ E ~ • 
Therefore there exists• (g1, ... ,gn) e (E/F, q)' 
·n g71[D(O,l)J C Jl}[VJ. 
. 1 1 ' 1.= ' 
' 
·such 
Then, for all i · = 1,., . ~ , n, let . f i = · gi · ¢ E (E, T) '. 
Then n . £71 [D(O,l)J = n ¢-1 [g71 [D(O,l)JJ 
·-1· 1 ·-1 1 1- 1-
,._ . 
. · C ¢-1 [¢[YJ J = V + F. C V + V C U •. ·. · 
-.C. U<t 
-
·. 2 0 Let the· second half. of the proposed equivalence -h:o·-ldo·:· 
T Let U e N0 o 
AThen there exists 
• 
n 
f~ 
. 
Then n C u 
i=l l. 
Thus (E, T) 
€
 
r . w· . 
• 
n 
fl'.~ . , fn e (E, T)' such that n ff 1 [D(O, 1) J 
i=l 
' 
C n £7 .and codimension n ~ n .. i=l 1 
.. 
·, ___ . C: 
II 
We are now ready for . our theorem. · 
-· ------------- - · · ----- ------- "Theorem 1. 
r s. e. 
. - . 
Proof - (in. fiv.e partpt): 
·I 
1. Let (E,T) e rw. 
Let U e NT 
0 ·, 
'• 
( } 
.. ,!.'. 
-i!" 
.. 
...J . .... 
.. 
'· 
·, . 
•• 
I ' , 
I 
:, , .. 
I I 
.. 
.. 
· I 
l 
1 
I 
i 
I 
I 
I 
! 
·" 
... 
_,_ 
-. 
•. 
- v---
:;. 
-· 
. u -
-.-··---- --- . 
- . ~ ~ 
-··C'"·--·-l . . • 7 -~ ~· 
- . 
r • 
-- ----- ----- --- - ---- -- -~ -
- ----~---- -- ... - --------. .. - .----- .,_ __ -
--- - -- _,_ __ --·---- ------- -
. - . 
-
__ ,, __ __ 
··--. ------' ~------____._, -------- ----i:-----,,--
·Then there exists £1, ..• ,fn e (E,T)' such that 
¥ • 
_j 
·) 
, n -1 . 
_ n f i [D(O, 1)] , C U. 
i=l "' n 
Note that n 
i=l 
f~l [D(O; 1)] e NT 1 · 0 
-Thus (E, T) E rl - G 
• C" 0 
2. Let 
Let 
(E,T) e fl.c.· 
T u E N fl 
0 
. ,· 
, ____ "'·::··.-
and is convexo 
- ... 
· .. "( : 
. ~ ' 
• , Then there exists V · · .NT · such that· , V E: . -0· -1·s . convex 
and. V C UG 
Note that 1/2(V + V) CV· and, for all O ~ ~-~ 1, · 
AV= AV+ (1-A){o} C AV+ (1-/\)V = V. (Note: In general,, 
convex f>: semi,convexo) ''v--
//,;. 
. _,//. 
/ 
ThtlS/ V is also semiconvex. 
/ 
:thus / 
/ 
' 
•. p( Let (E' T) E r 1. C •• 
/·· 
/ Let x e E-"{o} . 
Then there exists \ /. / such that V • is- convex 
and V C.E-M. 
Then, by the Hahn-Banach Theorem, there exists 
f e (E,T)' such that f~ ~· V. · 
I. \ 
.I 
' -~ 
Then f ·e (E,T)' and· f(x) f O • 
. 
Thus (E,T) e rn.l.c.· 
:j 
' r' :.~ 
' .
. . I 
I' 
.. •·.,. ;' 
. I ·-· 
.,,, \. 
... 
~. 
..; 
··-~ 
·- I 
.A".,'' 
,-.. T 
( 
,I 
'i 
;'1 
.. 
L', 
' 'I " 
.. 
J 
., . 
. ,
' '' 
. --·- . I 
~===*======= ~~~-- - L .; ~ •• • • . -- --- ----~--··--·-:--- -- . ·--:,, 
I [;·. 
~-----~----- .. ---------··-- .. ·-. 
/+.- Let (E , T) :. e r Cl 
. s Cl e .. 
.. ' 
.... -- - . T - . . 
---'-·----- ---------Let. 0 -U- € N-- -such -that 
. 0 
t. . 
' - - ------··----. ~ -
,U--=· U · j-Eu- - ··· ----------
Assume .. there exists S ( -U such that s is ;--radial· 
' 
':--· - . 
and convexCI ,, 
Since S is radial, _o e SCI 
.. 
· Thus, as in part .2., S is also semiconvex. -
Contradiction. 
Therefore there does not exist· s C u such that s "' 
• and radialo V' -~ .. is. c·onvex '= 
Therefore 
.. ,; .. 
s. Let {E;T) E re .. 
.. 
Let £ e -(E,-T) .... ' :· · -------··----·-------"""-..----- .., _,_ . ....,. . .. ----_-··-·- ------- - --- - -
!_ ___ _ 
• 
- -- -- . - - - -· . 
~--, 
,,:;---
11, 
1' 
Then f-l [D{O, 1).J is a. closed T-neighborhood of 
and f- 1 [N{O,l)] EN~, h~nce radial. f- 1 [N{O,l)] is also, 
Convex. Certainly f-1[N(O,l)] C f: 1 [D{O,l)]. 
-
Therefore f-1 [D(O,l)] = E. 
Therefore f = 0~ 
Therefore (E, T) ' 
= {o} ·-
Thus (E,T) er . // 
n. e. 
• - i - -- - . 
Example- 1. · Let (E, T) be an infinite dimensional n·ormed 
space. Then_ (~, T)_~_!'_i_._c_. ___ -_ rw~ 
'--------···· -------- - .. 
-
Proof: (E, T) € r 1. c •• -
Consider N(O,l) CE. 
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infinite. 
Thus (E, T) /. rw. // 
Example 2o Let O < p <: . 1 o then ,, P E _ ('r_ ·n: r_ ·._ -.. · ) . - r -·-.{/ n 1 C l S · 1 : . • . ,· 
• g - • -. .· -• • - .• . c_.. . 
Proof: 
-·, 
We first prove,that 
Let . x _€ ,eP - { 0} . 
Then there exists 
Let P denote the 
··ib: 
(,eP is separated, hence fl= {o}.) 
+ ; 
n E ]P s·uch that_ xn f 0. . 
th 
n coordinate projection. 
\ 
-- _________ n_ --
P · € ,eP' · since xk t",O 
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implies IPn(x) I= lxn; · 
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- ' k, 0 
- .x . ~ . 
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Also 
Thus tP € r -l . 
. no . c(. 
It remains to be shown that tP € r - _ . 
· l.:·s· .. · 
Let U e N0 ~ 
Then_ there -exists € > 0 such that . D(O, €) C· U. 
... •, .. 
We_ shall show that D(O,e) is also semiconvex. 
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Let x, y 
€
 D(O,€) .. Then 
( !x ! + ! y.'.), ~ E • 
Thus tP ' ( 11· € rl ". 
· 0 s e 
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Before pro·ceeding with the 
'.. 
final two 
-1 2 
ex~mples ;promised, 
· we shall need the following·· two propositions, the second of 
which gives a sufficfent condition that a nearly exotic space 
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• Proposition 2o - Let (E, T) be a t. v. s. of s·e·cond category 
\ 
E. Then (in itself)" Let A be a closed radial set in 
Ai (:= interior of· A) f.·f,. Furthermore, if A is also semi-
• 
convex, 0 e A1 • · 
-· 
Proof: 
-
-
--
------ ---- · · ----· -·--- - -· Since A .is radial, E 
• 
J . 
'• Since A is .closed, nA 
Therefore, since (E,T) 
• ()e 
. u nA. - - - .. - ... -- - - -
n=l 
+· is closed, for all n 
€
 .]F • 
.~ ... 
nd ·· · is of 2· category, there exists 
n,+ ------,---" -----·- such that nA has non-empty interior. n e 
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Since n(A1) == (nA)i f f,,.Ai f' f,. . r-': 
· Assume now that A is also semi convex. -- _ _c __ c .... ·-·---·-'·'--~-· -·-·: -- - ···- cc::· 
~-: 
-.;. . 
. B =·An (-A) i&~clos~d and .radial . 
• 
- -~---·--~ . ' Therefore, as shown above, Bi r f,o 
·-
- • II' 
• • • Let ' 1 Then .. (Bi) (-B)1 . l. .q E B -0. _ -q E - - - B __ . -
-
By hypothesis, there exists ~ > 0 such that t,(A + A)C Ao) 
Now note that O == t3(q-q) ~ t3(B1+Bi) C 't3(Ai+AiL == 
(t3A) i + (t3A) i C (t3A + t3A) i C Ai. // 
(E,T) Er be of 2nd category in 
- n. eo 
itself o Then (E, T)· . E r -. 
s • 1S 
'" 
:•• 
eo 
.• r 
.H -~--------- -- -- -- ----- -- - ·------------
Then there exists u E NT 
o' 
s CU. such that U == UT ~ E, 
convex and 
-Then s 
Therefore 
Therefore 
-
• l.S 
radial. ' ( 
closed, radial and convexo 
-S is closed, radial and semiconvex. 
S E NT, by Proposition 2. ·. 
. 0 
Also S C U ~ EQ 
-Thus s is a convex proper neighborhood of 
Therefore (E,T)' f {o} ~ ~1....v- ....... by the Hahn-Banach Theorem. 
Contradictiono· . · . 
Therefore (E,T) 
€ re~· 
·// 
We are now ready for the remaining two examples. 
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LP ··e r · ~r . 
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. Example 3. Let 0: < p < .lo· · Then 
. ·e-.,- . s e e O 
- --· --- --· . - . -~------ .... ·-------. ---~' . ---~-~-
---
is a Frech~t" spac~ and hence is of second c_at_egor;y --~ 
-----~------,---~---- ----- -- -- --- \ .. ;,_ 
in ·itse~f, by the Baire Category TheoremQ . 
Therefore LP-Ere, by Propesition 3. 
By a proof parallel to the proof that 
is seen that LP e r ·. lose 
Therefore ~r 
'C....:> '" '. ~s O eo 
. Thus 1P E· r -r · · 
.. e. Soe. II 
-· 0 
· Example l,:. ~ Let J be a N -dimensional dense sUbs,p_-~ce of 0 
,\ 
~·-
----------------------~r __ - {_Q __ ·6'.: ___ p_~(_ __ l) ~ ---··_Then J C r . . ~ r-1 __ --- - --- -----· · -~- ---n ·-e · _-J._ e .. - - . -- --- ----- - -- --- ·--~ -- -~ -~--------·- -~ :--~·-·. ~- ·~···~-....::.._. __ ;_ ···-·· 
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Proof: LP- e r 
n. e •. 
/ie 
and :J. is dense in 
Therefore J € r 
n. e. 
. ... 
On the other hand, the largest vector topology for an 
N0 -dimensional spac-e is locally convex (1). Thus, given 
·any exotic topology for J; a proper, closed neighborhood of 
0 woul~ be a neighbprh~o~ p~ 0 in the largestvector 
topOlogy, which is 1. c., and hence would contain a convex, 
radial set. Thus the only exotic topology for J is the 
indiscrete topology. (Thi~ can also be -viewed as ,a co~sequence-
of Theorem 2 below.) 
·Therefore J I- re· II ., 
• ... 
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L; ' 
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--- -.--- _ Thus we have 
-r· - c r eQ -.,. nQ eQ Q It seems natural to then ask about the compar-
ability of r and r · - Klee says nothing about . l9Sw· D11l11Cg~ 
- -----
; this in- his pape·r, probably because it turns out that the two 
classes are non-comparable~ We. give now an easy example of a 
non•nearly locally convex, locally semiconvex space .. We shall 
postpone the other nece~sary example until a later timelt (See 
Example 8), 
Let Then ·, 
.. -- - . 
. 7 
·--· ----
Proof: As remarked in Example 3, LP e: r1• s. 0 rn. e. 
·since LP is separated and non-trivial and 
. 
Thus 
~/ 
With these interrelations in mind, (see Diagram,l) we 
now wish to cont·rast the classes with one anothero It. is 
apparent from the definitions the the following pairs are, 
' 
- ~- - . 
·,. 
in some sense, opposites~ (rw,rn.e.>' (rl.c.'re) and (r1. 8 .,rs.e,>· In 'formalizing this, Klee has defined the interesting notion 
' ' 
·of the orthogonality of two vector topolog~;s for a given space. 
,;J 
Definition 3~ Let E be a vector space and be vector 
~-
topologies for E. Then T1 and T2 are (mutually) orthogonal 
,.. t ' 
- . - - - -- ----- -----
.. 
• 
1 I 
I 
! 
i 
'.'\.: :,. 
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. . . 
(T1 J_ T2) · iff u1 n- u2 f Jt,, for a:11 ,t, f u1 e: Tl' ,t, f u2 e: T2• : 
--
Thus two v:ector topologies···~-<?~-- a---~~y-~n ve~~or space are 
orthogonal iff every non~empty set which is open with respect 
' to one topology is dense-with respect to the other topology_ 
~ As we shall see, the above pairs of opposites yield 
orthogonal vector topologiesCI In fact, w,e shall prove that 
the ·-three exotic-type classes a_re characterized in this way. 
)'· 
Before stating this f9-rmally, some preliminary work is called 
.,, 
' 
faro In CO?Sidering th_e pair (r.lCI Cea' re>' we shall make 
us~-. of the .notion of a convex 1:iullo Unfortunately, the parallel 
notion of a semiconvex hull does not existo In order.to 
···. ... .. . -
·y whe_n we c-ons i_der the pair (r r ) l.s.' s.e. ' 
we now define the notion of a t3-conve~ set,and a t3-convex 
hull. (t3 > 0) o 
Definition 4. Let 
t3 > Ou Then A 
and t3 (A+A) C Ao 
• 1S 
E be a vector space and A C Eu 
••• 
Let 
~-convex if£ ·A is star-shaped from 0 
----···-·' ------ ------- --·· .. - - . (, 
Proposition 4" Let· E be a vector space and ACE. 
.,· 
Let F ={BC EIB • 1S ~-convex and AC B} . t3 > o. 
nF . is f:,-convexCI 
-- ------·----~--- .. -· •----· - -
Proof: Trivialo 
/ . 
Let 
Then 
Definition 5. Let .E be ·a vector space and ACE. Let 
' 11,· 
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--· B}. Then C EIB. ·1~ ~-convex and -AC 
nF is the is.the f3-convex hull of· Ao 
.J 
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We are now ready f Or' ·the ~p~_Q-reme __ _ 
~ -~~-·,---• ... -,-~---'-"--"--·---
- - . -- -
\ . 
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· Theorem 2o Let (E;T) be a to Vo So 'Then 0 ~ 
r 
s. eo iff To.L T, for all T · stfch that (E;·T)' 
respectivelyo 
Proof: . (in~ parts): 
Let (E, T0 ) E r. n. e. 
·t 
~ 
(E, T_0 } 
E rw, 
' ., 
Asswne (E, T) e rw such that T
0
J_ T. 
e:· r . 
n. eo' re~' 
rl.c.' _rl. So' 
..... 
' - . ~ . . ' 
...... ~~e_n there exists . fJ 'f u1 e. T0 , fJ 'l u2_ E;_'l' Such that 
Also there exists 
Then u1 = u1 - u 
Then there ·exists 
~ 
E 
U E u2 0 
To, U' 2 
F CU' 2 
-.u E NT 
0 
such that 
...._; 
and U'· r( U I 1 2 0 ' 
F • vector l.S a 
...,-- ---- ·-
,, 
- s~bspace_ of fi~ite co~imension in 
. . . T 
Then F 0 - is a T -closed vector subspace of finite T o 
· - 0 rl 1 codimension in E and F 11 u1. 
·· Let· fJ: E -+- E/ Flo be the natural projection and 
q .be the quotient topology 
T 
, ·--- Then (E/F O , q) 
E/ T for Jo by· ((E,T
0
},fJ), 
·------. ·--.. --·-
is a separ~t~4_ ~inite di~en~ional 
t. v. s. and O / fJ[Ui] E q. 
Le,,, x E fJ [Ui]. (Ui f ~) 
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Then there exists f 
€ (E/_T0 ,q}• s~ch that f(x) 'f Q. 
'
- .. F- r-
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such 
·- 0 - no e. · ... 
Contradictiono 
- - ------
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Therefore T -1. T, for all 0 T · such that 
(E, T ) be Let a 
-~ 0 
that (E, T) 
€ 
re 
w 
Assume (E,T0 ) t 
Then there exists 
Let a(f) denote 
-
-· 
to Vo Se such that Toj_ 
r .Q 
n"eo 
f 
€ (E, T0 ) 1·-{0} , 
the weak topology for 
- ------ - . Then (E, a(f))- e rw -and cr(f) C -;
0
~ 
There exists x € E such that· f(x) f OG 
Let r = If (x) l > Og 
(E, T) e 
T, for 
r V 
w 
a-·11 
:E by·.· :f .• 
't 
Then f-l [N(O, r/2)] 
€ cr(f) C T0 and f-l [N(x, r/2) J €' cr(f). 
Also f-l[N(O,r/2)) n f-l[N(x,r/2)) =·¢ 
Thus TO j_ cr(f). 
Contradictiono 
Therefore 
.. 
T J. T. Assume there exists (E, T) E r such that 1. c. 0 - -
·Then there exists - .fJ t= _·u1 e To and fJ f Uz € T -such 
J ' 
i -i -
L 
! 
i 
- r ·-
! -
i 
! 
' I 
! -
i 
l 
I -
I 
I j 
' l 
I 
- r· 
I 
' r-
i 
! 
i 
t 
I 
I 
I 
! 
·1 
I l ' 
t 
i jl 
,1 
ii I . 
' l 
! 
d 
! l 
!I 
that U' 1 nu -2 = f,o 11 I 
! 
..... 
I· -
• 
': 
.,... 
. -.. " 
~ ... 
···-· 
....... 
_, 
..... 
-~ 
l 
I 
I 
l I ~ 
t 'I 
' I 
i I 
' ! 
It 
• 
. ~...,, ' -
··' 
··,•;, 
f.:_·/ 
-~ 
1: ~,' 
:;:; 
. ,, 
.~ft··._ 
,i.,' 
~< 
·· - -· "··· · ···- "···•>·•· .,.: .-;;,;,,7·_1,;;,,;, :::~·-";""."":'.&HSF,R'.?('::'t~t;t'~'~4.1l;it';tfy.~'.'~if;i."'"f2:,~··-.·-~:<: -:.,_,_ 
-~ ·,..,,g,:;,.1&",?;u\;:;~,'.:_~Z;cu'J''.·Z;';:~>'£'z~'.(;',,,,;;;;c;-~::.::.::;: .. :.•:.L.:,. .,.· .. · .... _... •••-·.:·, ... ____ .•·_,_,cc: _,·.<,-. :.,t ·•·,.:;·,._.·. ,,-~-,--·.,;:··-,..;· -~ :::s··1ts = .-• 
•,-4-- .... 
•. . . \ 
d 
- -- •· - . 
---
··:' ~ 
-·-... ,· .. 'f. 
r • 
.......... ~- -' ~----~~------:--·---....-,,,.---_'"':""""' ____ · --·---------·-----· . .• . ~~-:,~~~--------~ ... -------·~-:..-· __ . - -: ----;-·---.. ------:------------~--
- ------~~----------- -------····-··--------
.,···--_;.,,. Let 
··Then 
u1 n u2 = fJ~--
u 
€ 
U' 1 
u2g 
u· - ,. U_. -E -1 T and u2 u2 T ·and - - .U € N--0 0 
Then there exists C e NT such that C C U _ and 0 
C • 1.s. convexg 
T 
_By regularity, there exists such- ·that 
· V O c ui. 
___ To 
T 
Then - 0 E-V 
of 0 and C is a convex, radial su~et of 
. is \ T0 -closed, proper, T0 ;neighborhood 
_, 
Therefore (E, T ) ·E .. p g 
o - ·. e 
·contradiction. 
T o 
. - 0 • E-V 
0 
-. Therefore T J_ .T, for .al __ l_. 0 T :s:uc-h that (E, T) E r1-. _ .. . • 
• C • 
t 4. Let (E,T) be a t.·Vos~ 
,,.,.. 0 su:ch that T0 1- T, for all 
T· such that (E,T) e rl.c.· 
Assume (E,T0 ) / re. 
Then th~re exist.s U E 
and A • 1.s convex, 
T . .--1 
N ° and 0 
radial. 
J 
Ac· U such t.hat 
(, 
Since A ts radial, there exists BC A such that 
-
-- - -- -B is circled and radial. 
J 
.,._ 
L 
·¥·· 
. ,, 
Let B' = convex hull of B. 
Then B' CA and 
Let F = {c C EiC 
... 
L ' 
B' is convex, circled and radial. 
is absolutely convex and radial}. 
... 
.• r. 
-· 
r 
,· 
;,, 
,. 
' ,t., 
C 
I , 
/ 
I • i ! 
i I . 
I 
•I • 
I .. ,,. • 
·--:.;-.-- ,,_ 
) -· 
- ---L - ~ 
''r;, 
. ~ 
, ... ·-··,< ' 
c 
-:;- . ) 
. . 
.. .... 
• ····1·· .... \ . 
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'J.;,, 
,,. 
Then F is a filter base on ,E consisting of absolutely . 
-=" _ cpnvex, radial sets ·and satisfying the condition that ! ~E F 
' 
whenever CE Fo 
Therefore there exists a.unique vector topology, T, 
for E ~ F is a base for N~. Furthermore, 
.e . 
_.-.,. .. ,., .• _,_._,_,_ T'·•······• -.··•·:'..t 
Since B' CA· and 
NT~ • fi_f= A E ) 0 00 
Also - fJ f E-U E To". 
Not'e that A n (E-U) 
-· 
Thus ToJ- To 
.P 
., 
.. Contradictiono 
So Let (E, T ) E r · 0 0 Soeo 
Assume there exists 
B ' ,.E F C NT and 
0 
# 
(E, T) E r los. 
Then there exists -·11 f ul E T and 0 
that ul n u2 -~ ~o 
_-.-/ ~ 
. 
. ,,. 
Let u 
€
 
u2 9 
Then U' ul 
. T and U' u2 - - u € -1 0 ~- " . 2· 
ui n u2 = ~-
(E, T) E ,r1 .. 
•• '\ < 
A f J1, we have 
·I 
such that T 0.,l. -To 
p:, f= u2 E T such· 
- u € NT 0 and 
Then there exists SEN~ such that SC U2, S is 
semiconvex. · 
By regularity, there exists 
T 
--T- o 
Th E-V O . en is a T0 -closed, proper 
of O and S is a radial, semiconvex subset of 
.. 
. ~ . 
I 
such that 
T -neighborhood 
o . T 
·o T 
E-V o 
·'·· 
: ~-
~ 
' ,.• \ 
i 
I 
I 
! 
. 
I 
' i 
l 
! ) 
) 
' I 
l 
• j 
I 
I 
l 
'r 
i: 
~·· .. ~ 
•':. .. 
-., 
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-~--~-.,.:...__.. ____ . .......__,_ ' ----..... --~-~-··--------~~·---~~ .... -
Therefore _ (E, T0 ) I.- r 8 0 e O o -
: ..... 
--
-- -
-- . .. _ ContradLc_tion- ~--· -· ____:__-c ___ - --"'"~-~-~-- -.-------··-·:-· ______ ---·--·--··---,-- ____ .• ,. :~.::.....:.;:.:.:.:.::-.:..;:::.:.::.::.~.-::~:._;_:_.:..~;:_:,:_:__::c__·: •. :.. .. ; __ ; .. _. ______ .·~---·-··· . .- ... 
. .o . t • 
I -
.. 
. -
"/ 
-·c:-
. Therefore -T0 ..L T, fo_r all T such that (E, T) e r l. s" •• _ 
Let (E, T~) .. be a»s such that T ..L T, . for all -o. 
r· e r -- · o 
,.. loSo ,.;.9, 
. ' .... ,.. ' 
., 
- --- Assume 
-(E' To) I- . rs_ e Q ~ 
- • e T 
Then there exists -U EN°, A. C_ U 0 
-and_ A is semiconvex an.d radialQ -
.. 
s.uch that 
·r 
U=U 0 ~E 
Then there exists B C A :s.\lch: ,th-at B - is circled and 
. radialu \ 
Since A is semiconvex, there exists ~ > 0 -such 
----·· ····· -· ·- ·-- - ---.. ·~·- - - . -
- - -- .... · ___ ._ -- --· --·- -
.... . ~ - ' 
t 
\ 
- - -- - ·- - --
- -· --- - ----·------
-- ... - .. --- - - -- .. •-
- -· . - . -- ·--
. 
Let B' .be the -~-convex hull-~£ B . 
. Then ·B' C A and B' -is semiconvex. 
Since BC B' and B is radial, B' is radial. 
We also wish to show that B' is circled. Let 
i 
€
 K = scalars such that IAl ~ le Then, since B is circled, 
ABC B. Also AB' is the ~-convex hull of ABo 
circled. 
Therefore. °AB' CB'. 
Thus B' CA and B' is semiconvex,.radial and 
Let F = {s C EIS is circled, radial and semiconvex. 
'Since Ee F, Ff~. 
. ·- . _.,_ 
. ~-
:.• .. 
.• 
' . 
• 
~ -
i •. 
. .. 
.I 
, 
I 
! 
I 
/ 
I 
I 
' I 
\ 
\ 
I 
_J_ 
\ 
i 
I 
I 
I 
.. j 
' ,-
: I 
I ' 
'' 
i 
' i 
I 
Ji 
\ 
, ... 
-· - ---
------- ---
~- . 
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j ' . --
... ,_-. ..... ,.. .... -
. . 
-
_____ ._· __ ·----~----- -· -
-~ •. = =re 
-: ~-~ ·- --~~~-~:~.~-~~= ___ ---=~ ·- = ____ =__ ~ -··--=~--=·---..._,.=. =.-----·=·--______ = _________ --_____ -- -·--~-~:. ----------. ---·.o·-····· ... ,. .. - ·- - - . - ....... .". ---· ···- .. - .-----· '--~- . : .•. • 
·- .... --·-· -
-~--........ ------------·---~. ~ ·_. ···~---~. . -··--------~...:- - .. - ________ .., __ • -
-
-
--- - ·- "I - - -- ~ 
• -
_ Note that S E ·F -implies· S_ · is radial which implies 
" 
Thus f,. /. . F. ~ · 
______ ~---
- - - -- . - ~ -
- __ :_y --- - - --
--- -- -
-
~~ ..................... _ .............. -~,------- .. , .. --
Ea~ily sl, S~€ F implies s1 n s2 e F. - ~ 
Thus ·F is a filter base on E consisting-of_ radial, 
. ,. 
" 
circled s.ets.o 
Let s E F" Then there exists t3 > 0 such that J i 
f3 (S+S-) C ~o Note that f3S •- circled and radial. Also 
;: 
, 1S 
t3 (f3S -+ f3S) - t3 (t3 (S+S)) C ~So Thus t3S • also semiconv~Xo 1S 
/ 
Therefore f3S 
€
 F" Finally·no~e~thae:··13s--+ pS = {3(S+S} C So 
) Thus F also has the property that fot all s1 € F 
. 
there exists S2 E F such that s_z + S2. C sl 0 . '-
- .... -----...... - ·---- -
J.. 
.f.l 
- --===-
. . . 
-- --- .... ---- -· . - -
The ref ore there exists a uniq_~~-- y_ec_~ __ ?_:r _ topblogr_t ______ 'f_, _____ -- __ ,·.- __ c_ ______ ;_, ______ .. ________________ _ 
for E - NT 
_A such that F is a base for 00 
- -- . -·- -·-·-· - -
- - ··- . --· ·- - -· ------- ,--- - -~ -
Since each member .of F • • and F . .. . l.S semiconvex i:s: 
-a 
base for T (E, T) r lo s G e , N ' E 0 
... 
NT 
, 
NT Note that A) B' E F C and hence A E 0 0 0 
Also fJ f E-U E -T0 o 
Now note that A n (E-U) = ,,.G 
Thus T0 ,t T. 
Contradictiono,1 
Therefore (E, T0 ) e r.8 • e •. . -. .!.·1:_. .·-.·· 
/ .. 
--------------- -------- -Thus we have characterizations of th_e ·three exotic-types 
\ 
_,,., .. 
/ 
.. 
.. 
• >: 
" of topologies in terms of the more normal classeso This should 
provide us with some insight into their structure" 
, . 
.-
.... ~ , . 
'>, 
. . 
' 
' -------- - ----- - -·- --
' 
; - - -----~ - .. - -- - -- - - -
, . .;.,-. 
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, \,_ J 
- .. ·- ___ :_ ......... , ....• - ....... .. --- ...... ,. ... , ···~· .,,. -
- . 
' - ..... ---- -- --- ---..-· -~- ---- ·-·· . - "' 
" 
- . 
.-:.,. •• _______ .,--~...:~ -- .•. -- •. -"7- - •. -- . -----~:: _____ -- ~r·- -·· ·-- . ...... - ., .. • ~- - .J - - - • ' - • - • ; -
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~. 
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We next wish to consider questions of preservation of_ 
.typeo Which of the seven classes of topologies is preserved 
by a given basic con~ truc_tion? Th-is should not only in~rease 
_,.' -- ,, 
-our understanding of the exotic-type topologies, but· also pro-
vide us with a greater _supply of po_t_ential coun_terexamplesi ---
We shall first consider the supremum topology and the weak 
topology_generated.by one function" Combining these results, 
we shall then be able to determine exactly which classes are 
preserved when a weak topology by a family of functions is 
"' 
· constructedg - This will also aid us in considering the product--
top9t-ogyo Of these ~onstructions, Klee considers only the c,-~-- • 
supo and product:_ top'ologies' although the releva._nt. pi:-o_o_fs -- . --------------------------r ____ : _____ _ ----··--·--·------------------·----·-··------ -· -
. -- - -- . -·· . 
- -- - -·· -- ·-·· ·-- - -···· - -- . -- - - - ---- --- . - . ·- - - - - - -- . . -- . . ... ·--- ----- .. - - - . - ·-· ·····--·- . - . . 
. 
' I 
•' . 
an·d examples for the other constructions are elementary. In 
' 
any event, we begin with the ~upo topology. 
• {w.' 1. c., l O ~ e '. n. L c}_ Let E 1. E 
·-
Proposition ·so_ Let 
a vector space and 
topologies for Eo 
(E, .T) e r." 
1. 
{Ta I a 
' -Let 
E 
T 
? 
' 
A} . be family a 
= v{Ta la 
€
 A} -
Proof _ (-in f.ou~ parts) : - ·- -·-- .... -- ------ ·----- -. : ---
of • vector 1. 
sup {Tala. e A} 
' 
• 
be 
, ___ }---··, . ' 
' ·~ 
U. NT e o . 1. • 1 = w. Let --------- ------ --·- _ __,__ .... 
- - - - ;-· .. - - -- -.- . . .. .- ' 
n 
that n 
j=l 
,T 
a,. 
Then there exists aj e A, U 
. . aj N J e: 0 - -
u 
a. 
J 
C U. . .. • ·-~- •.••• ,, "'141"' " ....... ....., r 
·" 
.' 'It 
(l~~n) such 
...... 
., .. 
.. 
• 
. . 
. .. ' 
-/ 
/ 
._,_- -
\ . 
/ 
-.~-t·r, .. • ·• 
-
,,;r:_-------~ 
,•, 
. _,,,--_· .. 
:...;,/· 
( 
.. . ' 
. • _, -· --·-·--------· ------:--··::..:·.~-----::--:-:.~.=-:-:-.-·-::~~-=:':'"·~-·-·-~-::----.-. . -:---::··-:--~-=:---... - .. --':----~--.::-:---·-t,--~-
--~--~---- .-- .. ------~~~ - . . . . ~ 
-
-
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- .... -· -- -·---------,--, - -~- -~-- - - .. -....... , -----~- ···-·.' .. ------· --···----. .. --~------ -- ... """··-· -----·. 
.. .{ .. ,_ ............ . 
... 
. - .......... · . 
. . 
-Then for all 1 ~ j ~ n there exists . F c· U . 
· a. · -a: •. J J '' 
----~- ·--- ----.------ ---- --- -------- ... 
• is a vector subspace of finite codimension in E·. 
n 
Then n F 
. 1 a. is a vector subspace of finite codimension 
. . 
• in E 
·. 
J= J 
n .. .. . n 
since dodimension · (n, · F ) ~ · \1 
· 1 a. · L 
' J = J j =1 
n n 
Al$.o~ n F C ·n u· C u. j=l a. j=l ""Cl • J J 
Thus (E,T) E r w· 
-2o· i = 1~. c~ Known. 
.• 3., i-= 1.s. 
codimension 
.. 
' 
F . a. 
J 
.. 
~-
,w·. . 
,1,. -· 
Let . r· u E N g 
. 0 . T T .... - - ·- -- ---··· ·- . ·- ··- - . - -·-· ---·-·- .. ·- ······-·--·-·····-· -----~ ----- --- - --- ·-- - -- -
...,-~-
-
.. - .. - ···-~---- . 
- . --- ' -- - . --- ·-· - - ------· 
- - - ---·-- - --·-· -- ·-· --·---· - -··--- ----- -- ··- ·-· . 
a. a. 
a.. e N0 J, Ua.. e N0 J (l~~n) such that ,J J 
Then there exists 
n 
.• 
n u 
. j=l aj 
Then for all 1 ~ j ~ n there exists 
T 
a. 
V e N J 
a,. 0 
J such that V C U , V • • a. a. a.. l.S semiconvex·. J J J 
n n n NT Then n V C n u C U and n V e • j=l a. j=l a. j=l a. 0 J J J 
n 
Surely n V • star-shaped from o. l.S a. j=l J 
Finally, note that for all 1 ~ j ~ n there ·exists 
Tt 
~j > 0 such that t:, • (V +V ) C V • J a. a. a. Letting ~ ~ min{~j ll::j~n 
we have 
- • 
. .. .... " ..... 
....... 
,· 
n 
t3 ( In 
·• 
. 
j=l 
n J J n J 
v +. n .v ) c n 
aj j=l °'j · j=l 
V 
°'j 
..- . ·. -·--_-... _ .. ,··--·~-- '. . ..... _ ... 
'· 
, ... 
·,. 
I 
' 
I 
! 
' 
' 
I 
; 
! 
\ 
r 
i 
[ 
! 
I 
I 
I 
.. 
~-;. 
1jt:~·~· 
,'!,;· 
,-:.--.-.' 
,., 
1 ; ·,j _. 
. \. . 
.-·..-·' . ~"' . - ' .... 
h,•'•~'.,-s;,, , 
' - ' - -
. -~· -
. '• 
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~- -- - ---~ - ,.~ -'~----- ·-·- ·c·- ---,•=},_~-"'C~---. -=------'-~--~ - -== 
n 
--- . -·- -- ----' -- · , __ ._-_·_ Thus n V 
- - ---,- --~"·-~ - ... ~=~---- j =1 - aj - is. a·lso :semiconve.x. 
, .. 
. 
Thus . (E' T) E r 1. s •. 
ii .. .• 
4. i = n. lo Co 
Let , x :€ E-MT 
Then_there exists 
Then there exists 
n 
th~t n .b - C Uo 
.- -1 a. J- .· J 
Then 
n 
U e N'r such that o· 
-T 
A U N a. a. € ' a. e o J J J 
· X /_ U. 
(l~~n) such· 
X /_ n U 
- j=l aj and hence there exists 1 ~j ~-n 
such that ~ /. Ua .• 
·- J T ------- ----- -
--- ---·---- - - - - -- - - -· - -- -~- ~--- - -· ·-
Then x e E-{oraj and therefore 
.£ e (E, T ) ' such that f (x) f O. a. 
J 
I 
I 
Since T 
a. C T, f e (E, T) 'o 
- J 
Thus (E, T) e rn. 1. c .• II 
' 
there exists 
\ 
Klee proves in reference 2 that the above result is false 
for the case i = ~.e. ·In fact, he proves that v{Tl(E,T) e rw} 
.-
( v{Tl(E,T) er · } .for any.infinite dimensional vector space n. eo 
. '/\;~ 
·- . 
.. - ._ . . ·.. . -~·~~ . ----
- .... 
E. We shall not reproduce that result here. Klee also asserts 
--- · :-~ ···· that the ~hove proposition is true for the cases i = e., s. e. 
;t·,··. 
~- .'• 
. ' it·,, 
~(:'.'.···-· 
i•----!;J,-' 
.-('J.·. v~ -: 
1\.,''· . 
!i!,.· .. • . 
/: .. 
... 
Unfortunately, we have been unable to verify. this .. 
·-
.. '· ., 
. . .. 
.. 
i. 
I 
I' 
ij 
:l, L 
/Ill r 
I 
' 
I 
I 
•t "7 
-.· 
. .. .-""-: 
. : ' f . 
,. . 
··"·., 
.. 
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We fiej(t corisider the weak topology determined by one.function. 
" 
-•. J. .• , • .-:/ 
: Proposition 6. . L~~ c4--+.~, ·+:~-c~ , Cr:~; n:=r. c. -t ,,, ... i:et~--~E --be L -~ -- .. , - ., ... 
. ~ . JG ' 
. . . ~ . -
a vector space and (F.T) er.: Let ~: E -F be linear. 
l. ), . 
-. Let Then (E, o (f)) E 
Proof (in· four parts): 
lo -i = W, 
Let U e .Ncr(f) 
0 
Then there exists · v. e N~ such that f-l (V] · C U. 
.... ,. Th-en, by Proposition 1, there exists 
n -1 
. such that· n h. . [D(O, 1)] C V. 
hl' .•. , hn e (F, T) ' -
' \ \! 
j=l J 
I ·., 
I 
i 
I 
I 
I 
' l j 
' 
j 
------- . ----- -------~~ ... ··-- - --- --····--····----·-···· - ---
-- ·Note that hj·( E (E,o(f))', for all l < j < n. 
I 
. I 
-- - --- .. . -- - ,- -- - - --
- ·------ - -·- - --.-----~~ -- ---·~-,----_ ---· --- - - .----: 
n 
Also n 
.j=l (h.·f)-
1 [D(O,l)] = n f-l[h7 1[D(O,l)]] = 
J j=l J 
n. " . 
f-l[ n h7l[D(O,l)]] 
j=l J C f-l[V] C U. 
-~ 
•+ ,, 
. . . 
·----·--·-----... --~-·--·- ~--
I 
Thus, by Proposition 1, (E,cr(f)) er. 
w 
2o · i = 1. c. Known. 
3. i = los. Trivial. 
4. i = n.1.c·o 
.. 
-
Let x e E-ioto(f) 
Then there exists 
( 
a(f) U e N . ·· such that 0 ... h 
I 
• • 
X /_ U. 
,. 
-~· 
. . 
• 
• )I,;··. -· ; • 
' --· .. ;i;;,, .::. _:it·!;/1' . 
r 
q 
! ! 
,, 
j: 
I 
' 
- I/ 
ij 
' I 
! : 
I: 
j i 
! I 
' 
! 
.. i 
.'.;a 
,.1 
If' 
. . ' 
·.'ii -
~ , .... ~ .... 
. . 
~-..: •' . 
_..,.. . \ .. 
-. ·- . 
... 
: . ( . ·-
~· . 
·::,· -
- :·.,n. t"J t 
. - .. ~ . ··.,· .--· - ,_ ,- -·. .. - ·- - •' . - .. _: .... 
• 
-··~ 
.. 
. -
_There ~xists -V e N~ such that · f-1 [V] C U. 
····---···· "~. ·--·····-· ;-···· _._ ... ,'::.,a----., ..• ·.------- ----· ... 
. I . 
~en-- ~x- f; f-:I.1¥1:-"-'andhence-- :ftx) ,-v. ----·_-__ -_- -- -- -- ---- --------- -- -~-~~c~=+~·· ::_cc .. ---· . __ .;__.-.~:-......... =·· -~--=~ · 
.. 
·····--·· 
.· 
. T 
Therefore f (x) e F-{o} . 
.. :·., . Therefore there exists h e (F, T) ' · such that 
I 
Then h· f. e (E, cr(f)) 1 ·· and ·(ho£) (x) f: 0. 
Thus (E,cr(f)) e rn.Lc. // 
. 
. ~ 
The precedin.g propositio~ is false for the cases 
e.·, s •. ell, as the- following ex.ample shows . 
h(f(x))·f O . 
~ 
• 1. = n.e., 
Example 6. Let (M,T) "be the vector space of all Lesbe~gue 
measu·rable funct·ions on [ 0, 1] together with the usual paranorm 
- . - - - -- -
--· ---·--------- . 
~-- - - ------- - ---· -
..... . . 
----- ---- - _____ .,. .. __ __ 
=] 
' 
I' 
. •' 
.. topology ( '.f '. 1£1/l+lfl.) As Klee asserts, (M,T) e rs.e. · 
• 
Let K denote the scalars and .g e 
·the linear function determined by 
Let 
Then 
f : K ~ M be 
cr(f) • l.S a 
se1>arated vector topology __ for K, henc.e the usual topol.ogy. 
Therefore (K,cr(f)) /. rn.e. 
As ·promised we are now in a posit~on to determine exactly 
·which classes of vector topologies are preserved when a weak 
to~ology by a family of functions is constructed. Example 6 
shows that the classes r · r 
n. e. ' e. 
and r . 
s. e. are not preserved 
The remaining classes are preserved: 
,_ 
_,._ . 
. . _ ... 
I • 
.,I . 
. : .. ~ 
.. , __ . ' .. ·-. 
___,_ ..  ......... - ..... _ ..... ;,·-: 
- . ,._ i . ·. ".,..-·.~- -.· .. 
1.-
. ' . \ 
. . ; 
. :;.,- .·· . 
. ... 
. ·:~·-.~~ • . ,.:·. ~ . _r-
• '·• •.- L • .. 
,· 
. • . . .. .q •• r. 
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·. . . . . . 'Proposition 7. iet - i 
€
 {w., ±. c., 1. s., n.1. c. r Let . E be _ . -
~-~------·· ~~. ~ ye~t_Ol: sp_ace' c_{!l'w-Ta;)-!a -e~} ~13e---a fam.ily o-£- b t~ V; s. and- - -- ------.;...~ ---~-. --
{f.:E ....,.Fla.€ Al be a corJ:"esponding family of linear functions. ' a a . J . 
Let T = cr{f a I~ e A} = v{ cr(f~) la. e A}~ • · Then (E, T) e r i. . -. 
Proof: 
·"·· 
Let i 
€
 . {w. , l. c • , 1·· s • , n •. 1. c • } • 
By Proposition 6, (E, o(fa)) 
€
 r i' for all a e A. · 
... .,:-
'.:('here fore (E, v{o-(f0) la e A}) e ri, by Proposition 5. II 
, .. 
• Since the product topology is a ·special case of the weak 
' 
) 
. 
1 
l 
' I 
. f 
! 
· topology by a family of functions, we can infer from Propositio~ 
--.~- . '. 
-- - l 
I 
-··-·-···- -··-·- ---- ,·---·· -
- -
7 that.the classes rw.' rl.c.' rl.s. and rn.1.c. are pre· 
served when ·a product is constructedg . As we shall determine 
directly, the remaining classes are also pr~served. 
1'ro1;,-osrt-ion--8~~~-Le-t--l e I. Le·t~- (Ea., Ta la. e A} be a family 
of i.t.v,s Let (E,T) = (ir{Ea.la e A} , cr{Pa.la 
€
 A}), Then 
(E,T) e r1• 
r 
Proof (in four par·ts): 
1. i = W., 1. C,, 1. 8 •, n. 1, C, 
Proposition 7. 
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1. . = nG· e. r 
For all a€ A, let 
f . . 
i : F -+ E · denote the natural Gl a,· ' 
... . 
r 
--
~ i.mbedding Q 
Then f II i € (E ) T ) I 
ax, a,: a,_ = {o}, for all a e: A. 
• 0 
Therefore · ~--= ·o 
' Therefore f-== 0 
on 
• 
\" . E _ o -L - a . ,-
a€A 
since 
Thus (E,T)' = {o}, 
Thus (E, T) E I' 
I 
.. 
1S Ta.dense in 
·. 
-----·-----------·--·-·- -- ·-· --·--·--- -- ··-·-···· .... 
no eo .. 
~ . :.• 
.,. . t 
; 
... 
.---~ 
._ .. - . 
--- ---··-·- ------ ---------- - - - -, -- -~ ,------~ -·----·--- -- .. ---- ~ ,-· 
- -- - ----- ·------ ----------·- -L--- - - --- - ---__ ._ --· ··-------· .. -- ------ -------- --- ------
I 
' 
i 
. I 
. I 
Let U € NT B C U su.ch that U = fjT. and B is o' 
convex and radialo 
Let a. € Ao 
Then i~1 [B] is radial and. convex, i~1 (U] is a 
.. Ta -closed, Ta. -neighborhood of O and i~1 (U]J i~l (B] • . 
·, 
. : ... 
. .. 
. 
'· 
:-,-: 
Therefore i~1 [U] .:: Ea' since (Ea.' Ta) £ re· 
Thus ia.[Ea] = ia[i~1 [U]] C U. 
Therefore ia.[Ea.] CU, for all a £.A • 
There£ ore . l . Ea C Uo 
aeA . 
' -=i~ .. -..... ; .... ~ .... ~ ' ........... ,, ,;,,,. ,,, ··~"; .... 
.... ---... ,..: 
,._. 
• ' !, ·•'" 
-~ 
.·• .. , 
.. 
' . 
! 
I 
I 
I 
l 
I 
;\ 
:'l 
:·'..'/ 
,:i 
1-,. 
. . .,. 
' ... 
' .. " : ' 
' "· 
. . r. · .. 
- . - .: -- . . --,··. ·-: 
· ____ -- ---··-·-· -· 
--~---- --·-- - - C - ---- --
' ... Then 
··.i. 
Thus (E,T) ere. 
4. 
- • < ·, 
C/ 
;, 
.. ·' 
. _ _: __ ::.__: ..... . . _.;:_ _ _: ___ . .. - _--·- ._ .- -----
and/hence 
. --.•·-·,, .... ~ ... -.:_ .. -· ~ ........ ,.,,-... 
~· • • "'(;--· •.• ,::a .. ,-<a -- • 
u· = E. 
.. .\ . 
e • 
("' ... 
"' . ' The proof is completely parallel to the proof o.f 
-
part 3·. II 
We now continue ·our study of preservation· of type by 
considering the direct. sum topology· and then the quotient 
. . -. 
topologyo We will then take up the (unrestricted) inductive 
tbpologyo Since the direct sum and quotient topologies are-
particular· cases of the in~u~-~~y·~ ~gp_oi_o_gy, it _m.ight s.e.em.-.. 
- --· 
28 
..... ····),'" ;· -- -- . 
.. . . 
- .. ··. 
. .. 
. . . \ 
natural to consider them in the opposite order. We shal~,find, 
with the aid of a later theorem, that once the results ~re known 
for the direct sum and quotient topologies, the results for 
',.~ . 
--- ------Ule--i-aduc tive --topelog-y · are comp-lete ly determineao --·· -l'nus=:~we 
•! 
shall proceed in the aforementioned mannere 
Proposition 9. Let i = {n.1.c., Jl--.e., e., ~.e.} Let. 
(E, T) = ( r · Ea.' D), 
aeA 
. where. D is the· (unrestricted) direct sum topology. Then 
(E, T) € r i. 
I . 
·11.. 
.. 
~ . _-..·. 
.... .·'II: 
.! 
. . _ .. , . ·.• 
.. . ..... 
.. 
-- ,,_ - - - ----- ---- ·. ----- -· -- - --:-· ·- --
- -, - . ~-·· ·~··- ..... -.. -· .. ··-
r .·. 
• .
• 
-- ____ _,;__ ________________ ·-~---- ----'"-· 
- -- . ' ... - -
n,;. ~ • 
-. :,._ -
. . 
·" 
- - 29 
. ' 
. . ~ ' 
~ 
. . . 
. ··----~-PrOof~ (in five , partS):- ;,...-.- . - . ~ ~--~--!. .. -----·---~~-------~·-..-----,,,,-~~~------- ---~:-- --- --- __ ..,;.... __ ~.- -,-- --- ----;~--- - -----------~------
, . 
,. f - . -·' . . ..... 
i .. i =n.lec.- ..... - . 
.. 
' . 
'- . •· :"· - ;• 
. -fntT 
Let X ~. E-loJ. 
" . n 
There exists · a.1 , ••• ,a.0 _LA · such th8;t l 
,, ·j=l 
• ·'• ' i:-• 
(ia~ ePa.)(x)Q 
J J 
1 ~ j ~ _n , Note that if "'(ia.J" Pa.j) (x) € f°J~, for .all · 
X €MT. then 
' \ 
Therefore t.here exi.sts 1 ~ j ~ n ~ such that (i 0.P )(x) 
0,,1 a, ... J . J ·. /. toJT . 
. . 
Therefore there exists · V E NT such that . (i · P ) (X) /. V. 
o a. a. 
' . J J ~ 
P ( x ) /. i -1 [ V }-.- . - - · ·--· · · -- -- - - --a. a. 
rJ J 
Then 
a. 
Therefore P (x) € E - J a. a. Q 
J J 
Therefore there exists f € (Ea. •. 'Ta.)' such that 
tf(Po:. (x)) f 0. 
J 
- J J 
Then fop € (E,T} 1 
0,. 
J 
Thus (E, T) e r 
n.·lQ Co 
--- 2_. . -]. -noe. 
and (£· Pa.> (x) f O. 
. J 
--
... 
·The proof is identical with part 2. of the proof of 
Proposition 8. 
\...- .. 
·3.-i=e. 
·The proof is identical with part 3. of the proof of 
. Proposit~on 8. tf"1Nr~ri,.ll"(rt.-.N.-•• '••••••• •• ,, .,, I 
.;.-,a I. 
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.. ~ 
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··:. ,.. . . 4· 1.· = 
1 / - . 0 s e •e o· . 
,, .,/ 
·I ,, 
_!J 
. :-' 
The proof is identical with part 4. of the proof of 
Proposition 80 II 
("·Although Klee asserts thit the preceding proposition"is 
-
also true for the remaining cla~ses, the following example 
shows that it is false for all three of thein. In fact, it "" 
Shows that the· direct sum of weak t.v. s. may not even be 
locally semiconvexg 
Example 7 Ci Let (M,T) · be as in Example 60 Recall •• (M, T) E rs . e. 
· Let A be a set such ·that IAI = dim M. Let. Ka·= K, the 
•:-', 
' .. 
,, . . . 
t-·-········--- -. scalars,£orcd-t .. a E A. 1'fien···-·~r· ancr:··~···K~ are is-omorphic ___ -·--·''--··--·--····--
\ . . . . ' a~A .. . . .. 
• 
and we shall identify them. Let D be the (unrestricted) 
.. ·- '. 
direct ~um-topology for Mo Since any linear function on a, 
separated, finite-dimensional t.v.s. is~Continuous, the 
-inclusion maps i u K -+M are continuous with respect to a •. a. 
any v~ctor topology for "· Therefore D is the larg~t 
' 
vector topology for Mo Therefore TC D. Then, since T is 
a non-indiscrete, strongly exotic vector topology, .D cannot 
~ . _ be a locally semiconvex vector topol,ogy, i.e. · ( L Ka,D) /. rl. s •• 
aeA 
-
we interupt our considerations of preservation of type to 
pay an old debto . ' We are now in a position to provide the .. 
promised example of anon-locally semiconvex, nearly locally 
-. convex t. v. so 
.. 
' r 
_, 
• I 
. l 
' : 
• <'. "7-,:._. .. ·~ .. ~, 
.. 
' . . 
. ·-
.·~· 
•. 
. I . . . '· 
· :31 
... 
' .· 
'.Example a'. Let ' ( I Ka., D) 
aeA 
......... •-•-··-. 
- ··- ·-·····- ·--·-·-·--·---··----··- --·~.---··. ·-·- ... -~·~·. -· .. ·-· -·- - -
there, ( .L Ka., D) /. r1• 8 • , By_. Propo_ siti6n 9, . ( \' K"', D) € r ·· L \N Do--lo Co 
aeA ~ aeA 
" 
- ' We now ret.urn to our study of preservation of typeo Before 
considering the quotient topology, it seems worthwhile to deter-
mine.that four of the classeS.ar-e preserve~n the more general 
situation of a continuous linear surjectionG This will,· of 
. 
. 
course, then aid us in considering the quotient topologyg 
Propositio~n lOo Let_ JI {w.' s. e. }. (E, r1.) .1. - no e.' e C! , Let. e· r t.:::a-
--
- and (F, Tz) be atoV'oSo Let . f- 0 E ,...F be a continuous • 
i. 
_______________ '------·----- _ 1.i.n.ea_r surj ection~.- Then.. -(F, T-2 )--- --6 -- .r.1 -o-- -----· ------·------·---------------------------- - --- . ~· .. - - -- - ---·- --- ··. -- -. --· ·-- . . ---· ··--··-··--. - J·--·-... ··-- ··--- .. ,--
I 
~~ 
/ 
- ' 
-
, .. ·- ,.,, 
Proof (in four parts): 
• 1. = w 
Let u Tz e: No 0 
Tl \ 
-Then f·.lcu] 
€ No e 
..... Therefore there exists H C f•l(U] such that . H is 
. .. a v·ector subspace of finite codimension · in E. 
Then f[H] is a vector subspace of finite codimension 
• 
in f[E] = F. 
Also f'(H] C f[f'~1 [U]] .. u. 
Thus· (F, T2) E rw. 
-~ 
• 
.. 
., .. 
.. 
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·..;· '. 
·- -----' 
' .. "'- ' ' I. 
__ , ...... 
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•. 
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,1,"1,' 
' ' - - - .. ~ 
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··-. ~- ' ' .. 
-··. · ... 
.. ; --·. 
,b .. 
... 
•II!" 
. ;. 1 .: 
·~··--c.i...:'.' 
. . . . - . . 
• < 
- '\ .. 
i' 
. .. 
' ' -
-· 
. - 32 · 
- - - - ... ---- -~---· ----- --- --
--- ······-·---· .. -·--- - _______________ ...__ ______ , __ ·_ ... ___ _ 
. . 
- ---- - -- . ,_. -· - ... ' . . 
.. 
' · l • 
'-·-····- - - __ ,_,!..1--~-·------ -- _·_: _____ ;_ • -- -·-- _......:_---:.:.:.:......·_.:.__. 
Let h ·--e: (F; T ) ' 
· .. c .......... --,.·-- --·-'·"··-··'-- - -·· . . . ..2, ..... -.. .. . 
------ -···- ---·-- ---·----· · __ ____., __ ·--·-- - ---- -~ _.- .. ·· ---~~--··- -· . -- - - . .. - ·- . ·_~__:_: -- --·-·---- - ... --- ______ - ·. -- = ~------- -----·-- .. -.. - .. ~-~--·~---·-.,, 
There.fore h = o, • since 
:- -
Thus (F,Tz)' = {o} 0 
Therefore (F,T2 ) € r neeo 
3·. 
.Assume-
f ... l.S ontoo 
·, 
-_J 
.. ·-
Then there exists T U=IT 2 ~F 
and , A is/ conve~, radialo 
___ _____________ .. -~-!I'li~Il .. f-1[UJ is a _'1'1-:closed, T1-neighborhood -0£ .o, - -- -- -
£-1 [A] is convex and radial, and f-1 [A] C f-1 [u]. 
• 
.,/ 
. . 4..-;. 
~4. 
Therefore f-1 [U] = Eg 
Therefore F = f[E] = f[f- 1 [U)] ·= u. 
Contradication . 
Therefore 
• 1. = s.eo 
r .. 
e 
The proof is completely parallel to part 3. above .. // 
' 
Proposition 11. Let i. € r-{n. l. c~ }. Let (E, T1) € r i and 
(F, T2) be a t. v. s. Let f : E - F be linear, continuous, 
open and ontq~ Then · (F,T2) € r1. 
,, 
. .-_:._ 
,: 
·• 
' .•. 
... · i; • lj ·.• 
--: 
.,• 
1' 
'. 
... 
. / 
• 
---== =.~= 
-I.. • • 
--~~~-
___ ..,_· ...... - __ . ..,. _
_
_
 .., _
_
_
 ··--·· __ • ....,.. •• ------->--------":---: 
_________ _: ___ .:_ ________ ---~--~-~---~~-~-----·:--~~:___ ____ -:-~~---- -
... . - .. 
___ ....... 
-Proc,f (in three parts): 
- ·"' 
T2 Let ·U EN o. 
Then f-l [U]· E 
,·. 
Therefore there exists 
• 
· ... 
.. . . .. - ·-·-. - -· .. - - ~ -· . ---·- -· '. 
~--------· 
. '· 
~· 
. V···· .. 
·"'°.. . 
such. that: · ·v,-
--..t---.- '.!! .... c.~• -••• -• • • ••• - •' . - - -- ·-
T2 Then. f [V] 
€- N , , f [V] 0 is convex, and £ [V]_ C 
,·· . 
--- .-., .. ., ... ,.-. ~ __ .,____. - ·-
• . 
·. 33 
....... 
Ii 1.s convex 
.Thus ( F , T?) :_ __ r l~-G-"'-- •'-~ _ _ ______ : ______ , ___________ ,_ _ __, --·~----~· ----:····: -~- --.-... --.--.. --= .. .:....~-_ - ~ "-"-~ - ··· -- - ---, . - . --··-·· .... ·--- -- -·-·-·· -- ~-------· . ..:.--. -·-----~·--· ---------- - ·- - . 
~-·-~ 
... ~'"' 
:3 0 . 1 ]_ = ·Os~ 
; The proof is comple·te,ly parallel to part 2o above. // 
Klee ass~rts that the preceding propositi~n is false in 
the case i ·= tlo 1. c" . Unfortunately, we have not been able to 
find an example to verify thisu 
. 
.. 
~ As our last consideration of preservation of type, we .. 
··now examine the (unrestricted) inductive topologyo Since the· 
direct sum topology is a particular case of the inductive 
topqlogy, Example 7 shows that the classes r ·,- r1 , r1 We oCo .S. are not preserved by this construction. The quotient topology 
is also· a particular case, _and, if Klee's assertion (mentioned 
; 
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I 
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I 
1: 
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' 
I If •1 ' 
I 
-. 
' .. 
-- - -- ··=~ 
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-·•. 
'' ~ 
' ' 
.-
,J ·. 
.'l ..... 
3.4 ''. ' . -'1 ' , I a 
·in the' preceding paragraph) . is .. corre~t, 'the~ class r 1. is D11 vCo It ' 
t-herefore not preserved, eithe·ro .It rentains to consider ·the ~ 
classes r00 e 0 ' re 0 ' and rs~e.o By .Propositions 9 and 11, 
the direct sum and quoti~nt (apologies preserve these classesQ 
As we shall see in Chapter 2 (Theorem 3), this is sufficienf-
\'I ' to proye that th~ inductive t9pology also pre~erves themu In 
any event we state the·result.formally: 
. . !l:OP.Qe,i-ct=ci9.Jl._J:lo Let • € {n. e. , , e. , · s. e. } . 1 Let~ F be a vector 
{<Ea,T0 )la space and e A}. be a ·family of ivtQVoSo Let .. 
{£Cl: E. -PF la e: A} be a family of linear functions such that· a, 
... -~-_ .. - \i~A fa.LEal> = F. .Let T denote the (unrestricted} inductlVe 
.-'!· 
topology for F by these families. Then (F, T) ~- r i, 
Proof: 
Propositions 9 and ·11, 'Iheorem 3e II 
-
This concludes our study of preservation of typev Before 
closing the chapter, we present the following proposi~iono It 
is included largely for the sake of completeness since it pro-
~ 
vides the converses of Propositions 8 and 9. It shows that if 
a direct sum or product space falls in one of our seven classes '' 
of vector topologies, each of its component spaces falls in 
that class alsoo '!he proof is simple, relying solely on the 
properties of the nat_ural pr.ojections and inclusion maps; it ' 
. 
will be omitted. . 
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Then 
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. ,.,, 
·~ 
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•l... 0 ' 
, . 
\. 
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Chapter 2: The Inductive _1opology without 
· Local Convexity r-~ ---I 
As stated in .the introduction, it is our eventual goql to 
_study certain results known for locall-y convex t;v11sg and 
develop ·-parallel theorems for~he general caseo - In this chapte~, 
we present a few examples in which this goal has been rea-lizedll ~-
-. We also include cases in which th~ .supposed parall~~ r~sultS 
have not been foundu 
-DWe shall study the unrPstricted and restricted inductive 
·.,·-. 
topo~log.ies (T , T., l."esp .. ecti_vely) as presented _by Albert Wilansky · · · -U 1 
• j 
' 
' 
' I 
; 
i. 
I 
I 
...___ ! 
I 
! 
--- I 
i 
1: 
';i 
,• 
I; 
-Many- of----th·e - ·---------------~----------- --- ;i 
li 
:~ -----·-----·---·-· ______ in _C.hap_t_er ____ z_ .o.£ ..... :1'.o .. pics .in-- Functiona-1- Analys-i.s --- (3} o 
~-
,! 
1\ 
results for T. 
1. 
·I found there·were without parallel in the case ~ 
ii 
of T and some of these parallels are obtained h~~~! It is J.:--------------ll--------- ---
not 
for 
this paper to reproduce the original results 
• 
merely refer to them as found in (3)o 
Before w'e.begin, it is worthwhile to note· that the basic .. _ 
',," 
:results regarding' · Ti do not depend on the local convexity of 
the domain spaceso To see this, note that this assumption is 
not used in the proof of Theorem 2olu, page 25, (3). It there-
t fore can be droppedg - It then follows that it can. be dropp_ed in 
the following results of (3): Theorem 4ul a), page 26; Corollary 
1, page 27; Theorem 602, page 32; and Corollary, page 33. In 
., 
,· 
the authors opinion, this makes the absence of parallel results (' 
\ 
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for .Tl.l ·even more striking. -0n the other hand, when one·cori-
siders the particular case· of· t.he restricted direct sum topology, 
Di' the local· convexi~y. of. the do __ f!>:ain spaces· becomes more 
v impor,tanto For~instance, this assumption is essential in 
~ ~ 
... 
Remarks (1).-(4)) ·~ge 31, and Theorem 610 .. , page 32, of (3)o · 
r\3-
. ----- . ~\ 
There are~nine --resulEs or T. in Chapter 2 of (3) which 
\,/" 1. 
- may possibly have parallels in the cl of Tu. We shall 
' ' 
· consid·er -each of these, though no·t in the order in which they 
appear in (3) Q It sll(Juld be. remarked that the absence of 
parallels for these nine results. seems to stem from the lack 
T 
of a usable base for N µ in generalo . Theorem '.f2 o· l, page 25. 
o ~ To -
.' 
... ·: . 
-----------·--·····-----.... ····--·· .(3_), _ p_rovides . a bae e f 9r _ N 1. . aµc;t ___ '1:'he_9retn _ 3 o_ ~'-- £age 26, (3), · T o - .· - ·-- -- ---- ----------· ---- -· ------ ---:-· ---- -- ----·-·--_-··:~- ----- ···: -----
determines a base for N0u when there are only'a finite number 
of domain spaceso Using these, the other results for T. 1. 
and Tu, finite case, are obta~ned. We\shall not be able to 
prOvide the needed base for N0 u here, although a--partial 
.. ,. 
·' 
result is giveng We shall, however, be able to apply a different 
approach to find the parallels for s·ix of the remaining eight 
resu·lts o 
----=-··we begin with Theorem 4o 1 a)' page 26, (3) 0 This .!J}eorem 
gives a coritinuity criterion for a linea.r function from a 
c{ector space with a restricted inductive topology into a _locally ~:-·- · 
convex toVoSo Theorem 4ol b) gives a partial result for Tuo 
·we were, however, able to obtain the complete parallel as follows: 
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Proposition 14 Let F . be ·a· vect~r space, ·{cE 'T ) l_a.· e A_}·. be . . . 
, . a- a. 
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• 
a family of t.v.s-. and. {fo.:Ea. -i,.Fla. e A} be a corresponding 
f~mily o( linear function stuch that U f [E] spans Fo 
. aeA a a 
- Let Tu be the unrestricted inductive topology for F by 
,, 
these familieso 
liriearo Then 
Let (Xr be a t. v. s. and f : F -i,. X rbe 
f is continuous iff £ 0 £ · is continuous, 
a --~--
for all a E Ao 
\ 
__ .. / 
........... ~ 
ProQf (in two parts)~ 
-lo Let f be ·continuouso 
Then fof 
a 
is continuous, for a--1.1 :a e A, since 
2. Let fof be continuous,, for all a E Ao a 
. ~· ..... ',,.,., .... , .. '" - . ' t..~ ... -. . • 
Let o(f) - f=l[T] be the weak topology for F by 
f 
a 
·------·-
fo 
Then f • continuous with respect to a(;), for all 1S a, 
A, " fof • continuous, for all Ao a e since 1S a E a 
· Therefore cr(f) is a test topology for F and hence 
Therefore f is "conti-nuous with respect to Tuo I/- .. - -
Theorem 602, page 32, (3), shows that every restricted 
-~-inductive topology is the quotient topology generated by the 
,, 
natural projection from the direct sum of the domain spaces 
-- --- - - - - ---· . .......___._,_. -
with the restricted direct sum topologyo Theorem 6030 page 33,(3), 
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." i .- gives a partial result for 
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t··~ -Fortunaiely, ·Prbposition·l4 
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enables· us to obtain the complete p~:r;alle 1 as £-allows: ·· 
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Theorem 3o 
family of 
Let F be a Vector space, {<Ea,Ta) lo. E: A}· be~ 
t~v.s. and Jf :E -Flo. e Al be a corresponding 
- ~ 1 (l a, J 
' . 
family of· linear functions . such that U f · [E ] spans 
· .. Let T 
-u 
D be 
u 
l h • • 
aeA 
A a. a, ae: 
be the unrestricted induc.tive topology for 
the u·nrestricted · direct sum topology· for l ~ 
aeA 
= l E -+ F be defined. by h(z) f (P (z))o a, . a. a. 
aEA 
F~ and 
E ao Let 
Let 
T be the quotient. topology for F by ( ( I Ea, Du:), h). Then 
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= f for all a E Ao a' . 
(T ,T )-continuous, for all 
a, u . 
(D0 ,Tu)-continuous, by P]:'.oposition 14. 
Therefore Tu C To 
Let I be the identity map_~~ __ ~~--.,.-----,-c--.. , -Ca.·.--,~--~----~-,-----~-·"'"'-'--___ _ 
I•f = huja' for all a€ AG a. 
Therefore · I· fa is .. (To.' T)-continuous, for all a € A: 
· Therefore I. is 
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Corollary lQ _ In the situation ·o·f Theorem 3, _Tu.·_ is separated 
e 
l.S D ~closed u 0 
.. Pr-oof: By. Theorem 3, Tu i·s the quotient topology for F 
II -·l 
·~· 
--We are now :r-eady the consider Theorem 2o lo, page 25, (3), .. -
T" 1 ~ which determi.nes a llgse fo:r. N0 ~- g As noted be.fore 1 Theore~ 3a 1, 
page 26, (3) provides a partial :t'esult for Tug We have only 
_ been able to obtain· the following,. much less helpful, result I 
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.Pro_Eo.si,ti.o.n.15.. Let {<Ea.,Ta.) lo. e: A} be a family of t.v.s. 
Let -B = {span('ll J [U ])I U e: NTo. and Ua ·is circled} 
0 - A°'a a o-ae 
. D - -
I U Then BC 'N0 o ' 
Proof: 
.... ~ ~cccc-__ B is a filter base on l Ea. consisting of circled, 
('< 
aeA 
radial sets and satisfying the condition that for all. U e B ,: 
-there exists V e B such that V + V C Uo 
,,, Therefore there exists a unique vector topology, T, for 
l E such that· B a is a base for T N0 o 
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Proposition. 160 Let 
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F be a vector space, {tE ,T )la e: A}. be a, a 
~ family of t.v. s.· ~ {fa : Ea -+Fla e: A} be a corresponding 
family of linear functions such that U f [E] spans F .. Let A a a a€ 
J,q . 
.. 
I 
. ! 
' I 
• 
•. .J T · be the unrestricted 
. u . 
inductive topology for F and Du . be . . . . \ 
sum t_opol.og.v--~-fo:r---~---· -----·---E--·-·····--·····-··-Let·······--h-4L ____ -·-·-----E-----·--....----F-· ·---·-------t·1 
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· . be defined by h(z) = l 
aeA 
£ (p (z))o Let B' = {span( u · f [u· ·1'.)I ~ l a a a,A a a 1 E ! T 
Ua. e: Noa and U 
a, 
Proof: Let 
_circled} 
i~ circled.} Then 
T 
B' C Nu 0 0 
T 
B = {span ( U j [ ·u. ] ) I U e: N0° A a a a, ae: 
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Note that B .. 1 = h(B]o 
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. Thus we are not very suc·cessful in finding. a base for 
Propositio,n 1~ does, ~}pwever, enable us· to· give the following 
parallel to Theorem 601, page 32, (3)o 
Proposition 17 g Let be an infini~ family .. of 
. 
. '· 
non-indiscrete toVoSo Let D be the unrestricted di.rect sum u 
topolog'}T for · L · Ea o Let T . be the product topology for 
.,aEA 
1rE 
. a, 
u 
relativized to I 
aEA 
E . 
a, 
Then 
' p·roof: T C __ Du by Remark 1, page 31 of (3). ~ 
. '-
Let U = span ( U j [U ] ) o A a a 
" . a€ 
.. Since p [U] = u C E for all - A, and A a' a € a a-
' 
• not a T-neighborhood of o. (Lemma 6 0 .. 1,, 1S page 
D 
By Proposition 15, · U E N0 u • 
Thus II · 
• infinite, l.S 
32, (3).) 
- ~--=--. ----·· Finally, we wish- to ·c·onsider t-he following four· corollaries 
~-·· . ' found in (3): Corollary 1, page 25; Corollary 2, page 25; 
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, r ·· , · .'. . .(== · t spac~s) ~ is: a barr~led to~ologyo The sec·ond then notes .-·. , . ,, · ,_ I 
' 
. 
· that this implies that a' quotient space .. of .a barreled space is 
' . . 
. 
' 
a barreled spaceo · The latter two corollaries>then g;ive the same 
,. 
,/ 
./ 
. ' ' 
results .. for bornological spaces 0 We must,. therefore, de,termine I 
· ;a , ·, -·-- J.,t• . f~ 
iJ··· - --~ , ... ~-··· / 
. / ~wha-t the analogu~:s of these spaces. are in the general settingo 
~ 
•~+-----~---- - ..... 
Sirice similar results hold for infra=bar~eled·~paces, we shall 
i 
also try to find an ~nologue for that type of space- and the 
. ,parallel resultso 
,q, 
'' 
- - ·,- - -- -- -- - -- . 
-·· '.J . 
Si.nc.ie a l~cQ-t~,.~~s·g is fiant.·Jrelt-:d iff.every convex, radial , 
set is somewhe:r,e de,nse~ the. followl ng has been suggested: 
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Definition 60 Let (E~T) be a toVoSo Then (E,T) is an 
. . ' .~.~~,·---1 
·racaspace· ·if·f· ... ev-ery ·raclt~i-1-··'"EfEfC ____ is·--·'"s omewhere·ae·risifo. ·---·----·--···· - ' ·. -, ·... .. I 
Since a space is ·bornological iff every absolutely convex 
bornivore is a neighborhood of 
J/. following~ 
O, we shall consider the 
.. 
pefi;_p.i~lQ.:n..=2Q~. Let (E,T) be· a tGVoS. Then (E,T) is a 
b1=space iff every circled bornivore is a neighb~rhood ,of Oo 
.. 
The fact that a space is infra-barreled iff every closed, 
absolutely convex bornivore is a neighborhood of O suggests 
• 1 
-- .. the following: 
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. H_aving· ·propose.d these analogues, --we ··now ·wish to determine 
_.,- · whether the results parallel to. the corollaries above- holdo 
We first consider wh.ether an inductive space by a family of -
r-spaces (b1-spaces, bispaces, respectively) is an r-space . . 
(b1 -SJ)ace; b1 -space, respectively). The following ·example ~-
shows that even a direct sum space may have·none of t.hese 
. properties even when its component spaces have all of them. 
Example 9. ··/see Example 60 3o ) page 34, (3 )_. \ Let Roo =l R ' n 
ne:JE>+ where R - R - reals. Let· A C Roo be defined • (3). as in n .,11 
It ·is shown,there that· A is a Di-closed, Di-bornivore • 
Since· Di C Du' A is then a · Du -closed, Du -bornivorell. A • 1S 
- . 
-----·----·-········also·circ--led.· On the other hand, A has empty interior, 
1 . 
.. 
t 
- . -- ~ - .o: 
.. 
regardles·s of the topology placed on R00 • This is true 
because, as noted in (3), there is no radial set, B, in R00 ·· 
such that B +BC Ao 
- Thus our· attempts along this .lirie fail with- a vengence. 
For this and. other reasons, it is the authors opinion that 
.. Definitions 6-8 do not represent the proper analogues. For· 
.. instance, let us call the proper·analogue of a barreled ~pace, 
an x-space. Then one would expect to find not only that an ' 
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every barreled space is· an x-space. The same idea applies 
to the bornological and. infra-barreled spaces. Our analogues 
do not meet this criteria. 
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45 
. · BE!fore_,, C1osing~ we shall formally· note that our anal0gues 
·do provide the parallels for the case of a quotient space. 
~ The proofs are virtually trivialg · ;..,,. 
Proposition 18. Let (E, T1) be an ~ ~r,-space (b1 =space, b1 -space, 
respectively)o Let F · be a .vector space and f ·: E. ~F be· 
linear and onto. Let T2 be the quotient-topology for F by 
f and Then (F,T2) is an r-space (b1=space, 
b1 =space', respectively). 
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·: A List of Op.en Questions . . 
., 
-
· 1. Is there a non-_l. Co . analogue of a barreled (bornolo"gical, 
._:._.....:.---
... . L 
infra-barreled, respectively) .space which is preserved· 
when·· an inductive topology by .. a family of functions is 
. constructed? 
. -1' 
2-.·· _Let --~(E,T) be an x-space, where x-·= b, b, -b, b', or 
semi-b~o (See (3) for ·definitions.) Let. T1 be the 
lo Ce· .. vector topology associated with (E, "t) G 
a) Is (E,T1) -~ x-space? 
b). Is . (~ T1) - · a bornological · (infra-barreled, \ ' . . ·. 
barr~i~d) space? · 
:i:. Is the supremum of non-lg C·ci vector 'topologies for a ,given 
vector space non-1.co? 
4. Is the supremum of a family -of exotic .topologies for ·a. 
given vector space exotic? (Klee says yeso) 
·:5 
• • a 
. ~ Call a vector topology a bipolar -topology if it satis·fies 
the.bipolar theorem. Is the supremum topology of a family 
,'-
--· 
of bipolar topologies a bipolar topology? Is tP; 0 < p < 1, 
• 
r 
~ bipolar space? 
. If'. 
·r 
.. i·.• 
-·-------r-----~~---~-- - • - • ._ _-,,: J,.-. - »~ •"•" T-• _____ . ..,._ __ __,,, __ ~-.. 'I 
... -·--, 
-- - --- --~- ·----
,. 
,,. /· 
... 
--= 
. I 
. ~ _-.... 
• I 
'• 
.• 
,. 
.... 
t 
. •'J 
·-
C 
..... -
47 
-----------··--==== 
Diagram 1 - _, __ 
.... ------ .. -_s• . 
0 l 
aeA 
,, w. 
\ • norm space, Ex, 1 
\\. 
/ 
I 
• ,eP, Ex. 2 
,,• 
/ 
!' 
I 
__,,- ·. 
----
....... ........ 
n.e. 
e. 
• M, Ex. 6 
\ '· 
.J, Ex. 4 
·; 
. .,,.. 
.; -:. 
.... _ 
;,· 
.. 
. "1'" •. 
. r 
'-
--- -· _, 
. -. 
~.:. . 
. l . : 
~-. ; . 
~· 
c# ~ .• • • • • 
48 
. - ;· 
·Bibliography 
. -
' . 
--·--···-----
---, ..... - .. ·--~--·-·- _- ····:......:..:..~ .. --·:.~:.-::,::::.-=-=--:..: . .=. __ -------·· __ ___.....: _______ .:..__ __ -it--··- --···--l.- - Klee, v:. "Genvex Sets in Li.near spaces~~ III, II. Duke Ma.th .. 
Jo 20 (1953), PPo 105-1120 ~ 
~-==----·~ =.:::.: ___ '··::_:_ 
2. Klee, v~ 
3. Wilansky·, 
~--
-.. -~ . ' 
.•. 
' _, .. · ...... ~ 
.. 
"Exotic Topologies for Linear Spaces," General 
Topology and its Relations to Modern Analysis, 
. Prague Symposium 1961; J. Novak, Editor. 
~ "i 
< ' A. Topics in Functional Analysis, notes by 
W. D. Laverell. Berlin Heidelberg: Springer-Verlag, 196 7" 
.>. 
i 
·- -,: 
·.·, 
.. _ ":"· ,_·-·.-
' <lj·, 
--~ . . - . . :- -
Q . 
·-- •· . -- -t 
I 
-··-~ 
... 
'·I 
·' 
~\ 
<.) 
• 
.• 
·fl· 
' ;,;: . 
---·---·-
' . 
• 
- -· - - --
--------
.J ·•. 
I , 
_r' 
•·4-- ···-·-···---. 
.. V - ·- ------- ----· .. ·-· --···. ~ . -- - ·,·····--·. -- . . -
. . ~ ---~-- ,~~~-,.. . 
• -n 
::.~ -, 
.., ' .. 
49 -
'i •. . ~~===============:======:======:=======~===~ ====== -"'~-Vita . "!"'. • • •., 
,. .. 
. 
~_9h_~ __ Ko Hampson, S-On of Albert Le and Sarah JO Hampson, -~- ·-·- ··-- -- - -- . - :::"-=-=-::-_-:.__::- ---·-·· ------
" . 
, ... ·. ··:r·-' 
. -
' 
,-...,,.-< was born on Febrtiary 18,~~946 irt Jer~ey~City,-New Jersey. He 
--
received the degree of Bachelor of Science with Honors in· 
Mathematics from Dickinson College in June of •9670 The 
author married the former Sandra Grace Novak on March 29, 1969 ... 
Mr. Hampson presently holds a National Defense Education Act 
fellowship in mathematics at Lehigh University. 
---- - -· -
---- - -----
-
~ .. 
.. 
', ,~ 
_., 
--~-
.. , 
... ,. 
(. 
'· 
:;, 
i 
·,· ... __ ...... :-· 
·••.· 
·, 
,. 
. .. _. , . 
.. ..--.---· 
'~. 
:•· ··-. ~. 
.·.- " 
~: 
•. 
... 
:-.-: 
• .J - .. . ...- ·•·.. ·, 
.-
- I: 
I 
' 
' 
'I 
'· 
' I 
\. 
.\ 
j 
i . l ,· 
' 
'111~ 
